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Estimates for asteroid masses are based on gravitational perturbations on the orbits of other objects
such as Mars, spacecraft, or other asteroids and/or their satellites. In the case of asteroid-asteroid
perturbations, this leads to a 13-dimensional inverse problem where the aim is to derive the mass
of the perturbing asteroid and six orbital elements for both the perturbing asteroid and the test
asteroid using astrometric observations. We have developed and implemented three different mass
estimation algorithms utilizing asteroid-asteroid perturbations into the OpenOrb asteroid-orbit-
computation software: the very rough ’marching’ approximation, in which the asteroid orbits are
fixed at a given epoch, reducing the problem to a one-dimensional estimation of the mass, an im-
plementation of the Nelder-Mead simplex method, and most significantly, a Markov-Chain Monte
Carlo (MCMC) approach. We introduce each of these algorithms with particular focus on the
MCMC algorithm, and present example results for both synthetic and real data. Our results agree
with the published mass estimates, but suggest that the published uncertainties may be mislead-
ing as a consequence of using linearized mass-estimation methods. Finally, we discuss remaining
challenges with the algorithms as well as future plans.
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1. Introduction
As of 2012, we only have mass estimates for 230 asteroids (Carry, 2012). On the
other hand, as of August 2016, according to the Minor Planet Center, we have
discovered a total of 714825 minor planets. Considering the difference between
these two numbers, it is quite clear that so far we have only begun to scratch
the surface of asteroid masses. Indeed, asteroid perturbations, the modeling of
which requires accurate mass estimates, currently represent the greatest uncertainty
in planetary ephemerides (Standish, 2000) and thus further work in the field is
not only of interest to asteroid studies, but planetary studies in general. Mass
determination may also assist in practical matters such as determining an asteroid’s
mineralogy in the future: once an asteroid’s mass and volume are known, its bulk
density may be trivially calculated, which in turn together with measurements of the
asteroid’s surface composition provide hints towards its composition and structure.
This application could play an important part in determining potential targets for
asteroid mining in the future. It is also important to know asteroid masses for the
purpose of deflecting an asteroid on a collision course with the Earth.
It is relatively simple to determine a rough estimate for the mass of an asteroid
if its volume is known: one can simply use the mean bulk density of the taxonomic
class the asteroid belongs to and multiply that by volume. The bulk density in turn
can be estimated from meteorite samples similar to the target asteroid. This does
not however take into account things such as porosity, and the bulk density may
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certainly be quite different from the mean of the taxonomic class. This means that
these rough estimates cannot be considered very accurate.
For more useful and accurate mass estimations, one must study gravitational
perturbations caused by the chosen asteroid upon another body. Mars, other aster-
oids, satellites of the chosen asteroid and spacecraft have been used for this purpose
(Hilton, 2002). Mass estimation is challenging, because individual asteroids are
quite small and thus have low masses, meaning that the effect caused by their per-
turbations will also be very small. Close asteroid encounters and astrometry of these
encounters are required for estimating asteroid masses based on perturbations on
other asteroids, which this work focuses on.
In a two-asteroid encounter, such a perturbation can be estimated to first order
with a simple ballistic approximation (Hilton, 2002). In this approximation, a test
asteroid passes by a more massive perturber asteroid and as a result is deflected by
an angle as seen in Figure 1.1.
Figure 1.1: Ballistic approximation of a smaller asteroid having a gravitational encounter with a
larger one.
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Knowing the relative encounter velocity and the angle of deflection, the com-
bined masses can then be calculated using the following equation:
tan 12θ =
G(M +m)
v2b
(1.1)
where θ is the angle of deflection, m andM the masses of the asteroids, b the impact
parameter and v the relative velocity of the encounter.
The ballistic approximation however is a rather crude approximation and
hardly sufficient. Among other things, it does not take into account the fact that
the asteroids will most likely not have identical inclinations, which means that the
encounter does not take place in a single plane. The perturber will also be moving
and planets and other massive asteroids also have a perturbing effect.
In this work, we present new mass estimation methods implemented in the
OpenOrb software (Granvik et al., 2009) and compare mass estimates obtained
with the new methods to estimates found in the literature. One of the new methods
is based on a Markov Chain Monte Carlo algorithm, the second on the Nelder-Mead
simplex algorithm, and the third is the so-ccalled marching approximation, which
reduces the problem to one-dimensional. The methods are discussed in greater detail
in Chapter 2.
1.1 The asteroids
There is some ambiguity regarding the definition of the term ‘asteroid’. In the past,
essentially every astronomical object apart from planets, moons, and comets has
been referred to as asteroids. Initially, these objects consisted of small objects in the
inner solar system. However, as science progressed, other such objects were detected;
namely, the Centaurs and Transneptunian Objects or TNOs. These new discoveries
were found to have very different compositions to the inner solar system asteroids,
being rich in ices and volatiles, more akin to comets than the rocky asteroids. Thus
4 CHAPTER 1. INTRODUCTION
it became apparent that a more generic term encompassing all these objects might
be necessary. At present, the IAU recommends the term ‘minor planet’ for such
general use, which is what this thesis will use. Henceforth, by asteroids we shall
refer to those in the inner solar system. The size bounds of asteroids, particularly
at the lower end, are also somewhat vague. Generally, objects with a size of less
than 1 meter are considered meteoroids. Larger objects such as moons are not
considered asteroids either, though some, such as the martian moons Phobos and
Deimos, might be considered such were they not moons. Furthermore, the asteroid
Ceres is also considered to be a dwarf planet.
1.1.1 Distribution of asteroids in the solar system
Asteroids are small bodies in the inner solar system
orbiting the Sun (Figure 1.2) Most of them reside in two regions of space,
one being the so called main belt between the martian and jovian orbits. Asteroids
residing within this belt are referred to as main belt asteroids or MBAs. The other
main group consists of Jupiter’s Trojans, which reside around the stable L4 and L5
Lagrange points of Jupiter. Other notable groups include near-Earth asteroids or
NEAs, which are defined as having perihelion distances of less than 1.3 astronomical
units, and the Hilda family, which reside just outside the main belt in a 3:2 mean-
motion resonance with Jupiter. Mean-motion resonances refer to situations where
the ratio of two bodies’ orbital periods equals the ratio of two small integers. In the
Hilda case, this means that the Hildas’ orbital period is roughly 3/2 of Jupiter’s.
Finally, the Hungaria family residesby the inner boundary of the main belt and the
Cybele asteroids between the Hildas and the main belt. There are also numerous
asteroid families within the main belt, which consist of asteroids that share similar
orbital elements. Several families can be seen quite clearly in Figure 1.3 as concen-
trations of asteroids in small regions of the plot. The currently favored theory for
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their origin is them being fragments of a much larger asteroid shattered during a
cataclysmic impact. This appears to be the case due to their similar compositions
and orbits. Impacts and their effect on asteroids shall be further discussed shortly
in Sections 1.1.1 and 1.1.4. Figure 1.2 shows the distribution of these asteroids the
form of a 2d projection of the inner solar system, where the main belt, the Jupiter
Trojans and the Hildas can easily be seen.
Figure 1.2: Distribution of asteroids in the inner solar system. (Wikipedia)
For an alternative perspective, the present orbital distribution of asteroids is
shown in Figure 1.3 in terms of inclination as a function of heliocentric distance.
This viewpoint reveals some very interesting features that cannot be seen from
Figure 1.2; besides the earlier mentioned asteroid families, it is clear that the main
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belt contains several thin gaps at specific distances that are quite lacking in asteroids.
These are real features known as Kirkwood gaps, caused by mean motion resonance
with Jupiter.
This mean motion resonance is a phenomenon where two objects, in this case
Jupiter and asteroids in the Kirkwood gaps, share orbital periods that are a simple
integer ratio of one another. For instance, the outermost gap at 3.27 AU is caused
by a 2:1 resonance, meaning the orbital period at that distance is half of Jupiter’s.
This leads to periodic gravitational interactions between the bodies, which in turn
leads to the eccentricity of an asteroid’s orbit increasing steadily. This leads to three
possible outcomes for the asteroid: It will most likely collide with the Sun due to
the increasing eccentricity especially if planetary close encounters do not occur, be
ejected from the solar system, or remain in the inner solar system as an NEA for a
lifetime of a few million years. Conversely, in the case of the Hildas, this resonance
actually serves to stabilize their orbits. Eventually, perturbations from the terrestrial
planets will cause a NEA to impact a planet or, like in the former case, the Sun or get
ejected from the solar system. It should be noted that the aforementioned possibility
of a NEA impacting Earth could lead to potentially cataclysmic destruction on
Earth. There is evidence that such impacts have occurred on Earth in the past;
for example, the Chixculub impact, which occurred on the Yucatan peninsula some
66 million years ago, is widely believed to have caused the Cretaceous-Paleogene
extinction event which led to the extinction of dinosaurs among others. This impact
is believed to have been caused by a 10 km diameter asteroid or comet. It is perfectly
possible that a similar event might occur at some point in the future, causing a global
catastrophe or perhaps even destroying all humanity. However, unlike the dinosaurs,
we have methods for deflecting threatening asteroids. For example, we can use
nuclear weapons, kinetic impactors, or gravity tractors to change their trajectories.
None of these have been used for NEO deflection in practise so far.
1.1. THE ASTEROIDS 7
Figure 1.3: The orbital distribution of asteroids at present (DeMeo & Carry, 2014)
1.1.2 The origin and evolution of asteroids
Asteroids are believed to have originally formed with the rest of the solar system
some 4.6 billion years ago. During this period, the nascent Sun was surrounded
by a protoplanetary disk of gas and dust. Motes of this dust slowly coalesced into
planetesimals, tiny objects which would be the precursors of larger ones. These
planetesimals kept growing with increasing speed due to their gravity growing with
mass. Some would grow into larger protoplanets and grow further, until their re-
gion of the solar system was out of material. The largest ones would move on to
grow into planets and moons, while the small ones would remain as asteroids. Only
three of the current asteroids are considered protoplanets; these are Ceres, Pallas
and Vesta. It is believed that there were many more in the past, but they have
suffered catastrophic disruption or ejection from the solar system. In fact, accord-
ing to theoretical modeling the main belt may have had a total mass as large as 2
to 10 Earth masses in its infancy (Bottke et al., 2002) while at present the mass is
roughly 5 × 10−4 Earth masses. Thus it is evident that significant mass loss must
have occurred in the main belt during the solar system’s lifetime. Furthermore, if
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this was not the case, one would expect the crusts of fully differentiated asteroids
to have been obliterated by impacts. Vesta is such an asteroid, and its crust is
in fact relatively intact. Considering this, it follows that the main belt must have
been depleted quickly. Even so, impacts played a large role in the early evolution
of the asteroids, and continue to do so to this day, even if they are less frequent
than they were in the past. Besides shattering and disrupting asteroids, impacts
also cause phenomena such as cratering, possible orbit alteration and formation of
regolith. Gravitational effects also play a great role; as mentioned before, gravi-
tational interactions can alter orbits of asteroids, potentially triggering impacts or
ejecting them from the solar system. The third notable effect on asteroid compo-
sition and structure is caused by radioactive isotopes during and immediately after
asteroid formation. The relevant isotopes are relatively short-lived ones, due to more
stable isotopes outputting negligible amounts of energy. The supernova-produced
26Al is perhaps the most important isotope in this matter due to its ideal half-life
of 7.17 × 105 years; it is produced in sufficient quantities in supernovae to have a
meaningful effect, and the sufficiently long half-life means notable quantities of the
isotope still remain when the asteroids first form. At the same time, the half-life
is still short enough for the radioactive decay to produce meaningful power output.
For sufficiently large asteroids, this power output causes effects such as partial or
complete melting, differentation as seen on Vesta, metamorphism and aqueous alter-
ation. Here differentation, metamorphism and aqueous alteration respectively refer
to the phenomenon in which a planetary body develops a layered structure, in which
denser materials ‘sink’ to the core of the body, as seen with the Earth and its core,
mantle and crust, minerals transforming from one type to another due to heat and
pressure, and chemical reactions between liquid water and the asteroids rocks and
minerals. However, due to the relatively rapid decay, this effect is only notable in
early times; at present, radioactive decay plays no major role within asteroids. All
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this leads to a highly intriguing fact: unlike the planets, the composition of asteroids
remains essentially the same as it was during the solar system’s formation.
1.1.3 Taxonomic classes and the composition of asteroids
Traditionally, asteroids are classified based on their spectra, albedo and color. While
such classifications certainly have their uses, at the same time they can be highly
misleading; there is no guarantee that any two given asteroids of the same class
share the same composition. It is, however likely that two asteroids of different
classes have differing compositions. All in all, taxonomic classification can give a
rough idea of what the asteroid’s composition might be like, but at the same time it
is dangerous and potentially misleading to make detailed assumptions regarding an
asteroid’s composition from its class. Gaffey et al. (2002) likens these classes to using
the classification “mammal” when studying different members of the “cat” family.
There are several different schemes in existence, but perhaps the most popular one
at present is the Bus-Demeo classification (DeMeo et al., 2009), which divides the
asteroids to three main groups: The C-complex, consisting of carbonaceous aster-
oids; The S-complex, consisting of stony/silicaceous asteroids, the x-complex and
the end members, all of which are divided into several subtypes.
1.1.4 The shape and structure of asteroids
The relatively low mass of asteroids in comparison to planets leads to interesting
phenomena with regards to the structure and shape of asteroids that we do not see
elsewhere. For instance, while every known planet is more or less spherical, this is
not the case with asteroids; their much lower surface gravity is often not enough
to shape them into proper spheres. Instead, many of them have rather irregular
shapes. As an example of this, Figure 1.4 shows asteroid Eros imaged by the NEAR
Shoemaker spacecraft. It is clear that Eros has an elongated and curved, somewhat
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cylindrical shape. Numerous impact craters are also seen on the surface; such are a
common sight on the surface of all asteroids due to the lack of atmospheres to shield
them from impacts and the lack of geological activity reshaping the surface.
Figure 1.4: Composite NEAR Shoemaker spacecraft image of asteroid Eros. (JPL)
Despite common irregularities in the shapes, there are also more spherical
asteroids in existence. Ceres, as shown in Figure 1.5 is by far the best example
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of this, and it is no coincidence that Ceres is also the most massive asteroid in
existence. To put its mass into perspective, approximately one third of the total
mass of the asteroid belt, with it’s hundreds of thousands of asteroids, comes from
Ceres. In fact, by the modern definition, it would likely be considered a planet of its
own were the other asteroids not present. The second most massive asteroid, Vesta,
while also extremely massive compared to other asteroids, is already noticeably less
spherical and has quite noticeable irregularities in it, even if it is closer to Ceres in
shape than Eros. Vesta is seen in Figure 1.6.
Figure 1.5: Dawn spacecraft image of Ceres. (JPL)
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One thing that is perhaps not so obvious from these pictures is the size scale
we are dealing with. To illustrate this scale, Figure 1.7 displays a scaled comparison
of the size of Ceres in comparison to Earth and the Moon, while Figure 1.8 displays
a similar comparison of Ceres, Vesta, and Eros, the last of which corresponds much
better to the average asteroid in size. From these pictures, it should be quite clear
that, in the scale of the solar system, the asteroids are rather small objects.
Figure 1.6: Dawn spacecraft image of Vesta. (JPL)
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Figure 1.7: Scaled images of Ceres (bottom left), the Moon and the Earth. (JPL)
Figure 1.8: Scaled images of Ceres, Vesta and Eros. (JPL)
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Besides the irregular shapes, the low masses we are dealing with result in other
interesting phenomena as well, such as the lack of differentation discussed earlier.
A phenomenon that plays an extremely important role when it comes to asteroid
structure is impacts. In practise this causes shattering and fracturing of asteroids,
potentially even leading to catastrophic disruption, in which case an asteroid is
shattered into many separate fragments. These kinds of asteroids are often called
gravitational aggregates, as opposed to monolithic asteroids. Gravitational aggre-
gates can be further divided into several subtypes as shown in Figure 1.9: fractured
asteroids, which mostly retain their original structure, but contain a significant num-
ber of faults and joints; shattered asteroids, which also retain their original structure
but have been shattered into several separate, large components; shattered asteroids
with rotated components, leading to more void area; rubble piles, which are quite
well described by the name, and finally, coherent rubble piles, which are rubble piles
whose components have become attached to each other for some reason.
Figure 1.9: The RTS-porosity space of asteroids. The left plot labels asteroids based on their
internal structure while the right displays the effect of various stresses on them. (Richardson et al.,
2002)
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These gravitational aggregates have a number of quite interesting properties;
for one thing, they tend to have a much lower relative tensile strength than mono-
lithic asteroids. Here relative tensile strength, or RTS, is defined as the ratio of the
tensile strength of the object and the mean tensile strength of its components. They
also tend to be more porous than monolithic asteroids due to voids within the as-
teroid resulting from its separate pieces not ‘fitting’ perfectly. Using common sense,
one might think that objects that have already been shattered to pieces would be
more vulnerable to damage from further impacts than intact monolithic asteroids.
However, this is not the case — in fact the more porous aggregates actually absorb
shocks from impacts quite well, unlike monoliths. On the other hand, the low RTS
of aggregates makes them far more vulnerable to longer term stresses such as tidal
forces during close encounters.
In practise, it appears that gravitational aggregates are actually quite common.
Theoretical simulations show that most asteroids should have experienced shattering
impacts during their lifetimes, and furthermore there is also observational evidence
for the existence of gravitational aggregates. Perhaps the most interesting obser-
vational evidence comes from the rotation of asteroids; theoretically speaking, for
asteroids with low RTS there should be a maximum rotation rate, above which these
asteroids should break up. For RTS-less asteroids with an an average bulk density
of 3 g/cm3 this corresponds to a period of approximately 2.2 hours. This is where
the observations come in: there are no known asteroids with a size larger than 200
meters with a period smaller than this. Since there is no inherent reason as to why
such fast rotation speeds could not occur, the most plausible explanation for this is
that these asteroids are indeed gravitational aggregates, and asteroids with faster
rotation have simply broken up. For smaller asteroids, this is not the case; there
are many known fast rotators among these. Other examples of observational evi-
dence include asteroids with very low densities that are only adequately explained
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by significant voids within these asteroids, and various impact crater features such
as crater chains, or linear series of craters which are best explained by asteroids
breaking up from tidal forces before the impact.
1.2 Key topics in asteroid science and applica-
tions
Perhaps the most important reason for the scientific interest in asteroids comes from
their origins; asteroids are well known to be remnants of the original building blocks
of the solar system. Thus, from asteroids it is possible to deduce things such as how
the solar system originally formed, the composition of the original protoplanetary
disk, and the dynamical evolution of the solar system. It is quite clear that fully
understanding the solar system and its past is impossible without understanding the
asteroids. In addition, asteroids are interesting objects in their own right. A survey
among planetary scientists (Sykes et al., 2002) has produced three central questions
in the field:
1. What was the compositional gradient of the asteroid belt at the time of initial
protoplanetary accretion?
• What is the population and compositional structure of the main asteroid
belt today?
• How do dynamics and collisions modify this structure over time?
• What are the physical properties of asteroids?
• How do surface modification processes affect our ability to determine this
structure?
2. What fragments originated from the same primordial parent bodies, and what
was the original distribution of those parent bodies?
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• What asteroid fragments are associated dynamically, suggesting a com-
mon origin?
• What objects are geochemically linked?
3. What are the early steps in planet formation and evolution?
• What are the compositions and structures of surviving protoplanets?
• What does their cratering record combined with the cratering record of
younger surfaces reveal about the primordial size distribution of objects
in the asteroid belt?
• What do meteorites tell us about formation and evolution processes of
these bodies? How well do they sample the asteroid belt?
In addition, the asteroids have potential to be a practically useful field of as-
tronomy in the near future — the possibility of asteroid mining in particular holds
great promise. Some asteroids are richer in valuable minerals than the Earth, mostly
due to Earth’s differentation which has caused these minerals to be concentrated in
unreachable depths. Very few asteroids are differentiated and therefore differenta-
tion is not a problem with asteroids. Planetary Resources maintains a scientific and
economic database of estimated costs and profits for mining specific asteroids1. Ac-
curate estimates are of course highly difficult, but the Asterank database does still
give one a good sense of the scale of potential profits involved; the estimated profits
for most cost effective asteroid targets are measured in billions or even trillions of
dollars.
It is not difficult to see that asteroid mining could grant us an unprecedented
supply of resources. Other similar possibilities with asteroids include using their
water supplies for in-situ rocket fuel production to aid in further exploration of the
solar system and utilizing asteroid resources for construction in space. Despite all
1http://www.asterank.com/
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its potential, asteroid mining is still in its infancy; it has never been attempted yet,
and there are many interesting technical challenges to be overcome. Finally, a more
dangerous probability exists in the form of impact hazards, or possible cataclysmic
asteroid impacts on Earth.
1.3 History of asteroid mass estimation
The field of asteroid mass estimation had its beginnings when Hertz (1966) deter-
mined the mass of Vesta from its perturbations on Arete. This was made easier by
the fact that Vesta and Arete are in resonance with one another, which leads to close
encounters occurring between the two every 18 years and thus multiple perturbations
over longer time periods. Hertz’s result for the mass was (1.17± 0.1)× 10−10 M, a
figure which he soon (Hertz, 1968) refined to (1.20± 0.08)× 10−10 M. Within the
next few decades, this was soon followed by several further mass determinations, be-
ginning with a measurement of (6.7±0.4)×10−10 M for Ceres using its perbations
on Pallas by Schubart (1970). A few years afterwards, Pallas’s mass was determined
to be (1.3±0.4)×10−10 M by Schubart (1974) from its perturbations on Ceres. The
fourth asteroid to have its mass determined was Hygiea using Academia as its test
asteroid by Scholl et al. (1987). The determined value was (4.7± 2.3)× 10−11 M,
with a noticeably larger error margin than with the first three asteroids.
Up until this point, all mass estimations had been performed using asteroid-
asteroid perturbations. This changed when Standish & Hellings (1989) determined
the masses of Ceres, Pallas, and Vesta from their perturbations on Mars utilizing
data taken by the Viking lander. The study resulted in masses of (5.0 ± 0.2) ×
10−10 M, (1.4±0.2)×10−10 M and (1.5±0.3)×10−10 M for the three asteroids,
respectively, which was clearly in line with earlier values. Unlike in previous studies,
here the masses for all three asteroids were determined simultaneously. This is useful,
because the three all cause noticeable perturbations on one another and due to these
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perturbations, there will inherently be errors in the results should their masses be
determined separately.
Eight years later, the next new mass determination method surfaced, when Pe-
tit et al. (1997) determined the mass of Ida utilizing data from the Galileo spacecraft
on Ida and its satellite Dactyl. Based on the satellite’s orbit and the assumption
that it is stable, they determined a value of (2.2 ± 0.3) × 10−14 M for the mass
of Ida. Soon afterwards, adaptive optics begun to play a part in the field, when
Merline et al. (1999), during a survey utilizing adaptive optics to look for asteroid
satellites, discovered a satellite orbiting the asteroid Eunomia. After determining
the satellite’s orbit, they determined a mass of (3.0± 0.1)× 10−12 M for Eunomia.
This would soon be followed by many more mass determinations utilizing satellite
orbits.
While the first mass determinations using satellite orbits were being performed,
the fourth method also saw the light of day, when Yeomans et al. (1997) utilized
Mathilde’s perturbations on the NEAR spacecraft during a close encounter. The
resulting mass of Mathilde was (5.19± 0.02)× 10−14 M. Notably, this result has a
much lower margin of error than past determinations. Due to the high precision of
relevant spacecraft data, this is indeed in general the most accurate mass determi-
nation method. It is, however, limited by the fact that spacecraft missions tend to
be quite costly, and thus they are not performed in large numbers.
After the turn of the millennium, asteroid mass estimations have greatly in-
creased in number in comparison to the past. The future also holds great promise.
As of 2012, there are about 200 known binary asteroids, of which only roughly one
third has mass estimates (Carry, 2012). This is mainly because the angular reso-
lution of current systems so far has not been sufficient to resolve the components
separately. This will change with future telescopes such as E-ELT and the ALMA
interferometer, which should have sufficient resolution and this provide data for a
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large amount of new mass estimates. In addition, more accurate data from these
systems promises us better estimates for asteroids with pre-existing mass estimates.
The Gaia mission, which is going to produce extremely precise astrometry for a very
large number of asteroids, might provide us with a roughly a hundred mass estima-
tions with precision greater than 50% according to simulations (Mouret et al., 2008).
All in all, the future of asteroid mass determination looks very bright indeed.
The majority of asteroids have masses smaller than 0.5 × 10−11 solar masses
as shown in Figure 1.10. For an overview of the asteroids’ density-mass relation and
the errors involved, we also did a scatter plot shown as Figure 1.11. Figure 1.11
shows clearly that density estimates in particular are prone to large errors resulting
from the combination of errors in mass and volume estimates. There are also several
cases in which current mass estimates have large errors, but in most cases the known
masses are well constrained.
The dataset by Carry (2012), which is used in these figures, is also shown in
Appendix A. It contains values for all individual asteroids with known masses as
of 2012. These masses are weighted averages of all mass estimates done for these
asteroids.
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Figure 1.10: Histogram of currently known main belt asteroid masses. The heaviest ones (Ceres,
Vesta, Pallas) are left out due to the large difference between them and other asteroids. The data
is from Carry (2012).
Figure 1.11: Logarithmic scatter plot of known main belt asteroid masses and their densities.
The data is from Carry (2012).
2. Methods
In this chapter, we present the algorithms we developed for the actual mass estima-
tion. We begin by describing the marching algorithm, followed by a brief overview
of the Nelder-Mead simplex algorithm, and finally detail the Markov-chain Monte
Carlo (MCMC) algorithm which is the main focus of this work.
2.1 The mass marching method
The first, and simplest by far, mass estimation algorithm is the mass marching
method. In this method, a starting mass is computed from observed magnitudes
of the perturbing asteroid with an assumed density of 2.5 g/cm3, which is a very
rough estimate. A range of masses around this estimate is then ’marched’ through.
In practise, this means that each perturber mass in the range is tested separately:
for each perturber mass we recompute the observed-minus-computed residuals using
the same initial orbits and calculate the corresponding χ2 value. As the end result,
one gets the dependence of χ2 on perturber mass. The mass with which the lowest
χ2 value is obtained is then the best estimate for the mass. The initial orbital
elements are considered constant, i.e. the problem is reduced from 13 dimensions to
one dimension. The orbits do however change outside the initial epoch as a result of
perturbations applied during the integration process. All this is done on a timescale
of minutes of CPU time.
As the initial orbital elements remain constant, this is naturally a very rough
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approximation that does not give as accurate results as the other two methods
because the initial orbits are usually not correct, both because of possible errors
in orbit determination, and because the initial orbits we use do not take asteroidal
perturbations into account. Despite this, due to its simplicity and speed it is useful
for rough estimates and testing and in many cases delivers surprisingly good results.
This method is also employed by the MCMC and simplex methods in order to
determine starting values for asteroid masses where possible.
2.2 The Nelder-Mead simplex method
We have also chosen to implement a mass determination scheme based on the Nelder-
Mead simplex algorithm (Nelder & Mead, 1965). We will discuss it here only briefly,
because the method was already implemented within OpenOrb for asteroid orbits
and because the MCMC algorithm is the main focus of this paper. The pre-existing
Nelder-Mead algorithm was extended to solve orbits for multiple asteroids simulta-
neously alongside masses for perturbing asteroids.
The Nelder-Mead method is based on a simplex, which refers to a geometric
object consisting of n + 1 vertices in a n-dimensional space. In our case, we are
dealing with 13 separate variables consisting of the six orbital elements for both
the perturber and test asteroid and the mass of the perturber. Thus we are dealing
with a 13 dimensional space, and 14 vertices are required. These vertices are perhaps
easiest to understand as unique sets of values for each variable; in other words, each
vertex consists of orbits for both asteroids and the perturber mass, each slightly
different in comparison to other vertices.
The starting values for each vertex are created as follows: the first vertex
directly uses the given input orbital elements for both asteroids, which have most
likely been previously determined by OpenOrb’s least-squares method. The elements
of the other vertices are created such that for a given vertex n, the used elements are
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computed according to the formula 1.0000003n−8E1, where E1 refers to the elements
of the first vertex. Since n ranges from 2 to 14, the exponents will be −6,−5,−4...6
and it is ensured that vertices will be distributed on both sides of the input orbit.
In regards to masses, the first vertex’s mass is estimated using the marching
algorithm where possible; the code will run the marching algorithm automatically,
and if it produces an optimal non-zero mass, this is used as the initial mass. If
the marching algorithm fails, an initial mass is approximated assuming a density
of 2.5 g/cm3. At this stage, we also apply our outlier rejection algorithm to the
observations. This algorithm rejects all data points with residuals higher than four
times the standard deviation of the astrometric uncertainty. Furthermore, we also
set observational errors separately for each asteroid based on root mean square, or
RMS, values for the observations. With this done, we derive the other vertices from
the initial mass much like we did for the orbital elements; the only difference is a
significantly higher multiplier, 1.05n−8, because it is assumed that the initial mass
from marching is not so accurate. Once the starting vertices have been prepared
and the marching algorithm has been ran, the actual Nelder-Mead algorithm can
begin. The algorithm continuously updates the simplex’s vertices towards a better
solution, eventually converging to the best one. As stated earlier, the algorithm will
not be discussed here in detail. We refer the interested reader to the original paper
(Nelder & Mead, 1965).
2.3 The MCMC mass estimation algorithm
The general idea of Markov-chain Monte Carlo, or MCMC, algorithms is to create a
Markov chain to estimate the unknown probability distributions of the parameters
of a given model. A Markov chain, in turn, is a construct consisting of a series of
elements in which each element is derived from the one preceding it in some man-
ner. In a properly constructed Markov chain used in MCMC, the distributions of
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individual elements in the chain then match the probability distributions of these
elements. Thus as the end result of MCMC, one gets the probability distributions of
each parameter in the model. From these distributions, one can directly determine
the best values from the peaks of the distributions alongside the confidence limits.
These confidence limits are the main advantage we see in MCMC for the mass esti-
mation problem. These limits should be quite accurate, as we do not need to make
any assumptions regarding the underlying probability distribution. It is common
to assume a Gaussian distribution, but as our results will show, the probability
distribution of the mass is often in fact nom-Gaussian.
More specifically, our approach is based on the Metropolis-Hastings algorithm,
in which each iteration is compared to the last accepted one by an acceptance
criterion based on a comparison of the iterations’ probability densities. The next
iteration is then generated based on the last accepted iteration by sampling from
a so-called proposal distribution. The algorithm will be described in greater detail
shortly. For a more technical and in-depth review of MCMC algorithms we refer the
interested reader to Feigelson & Babu (2012) and the references within.
As in the case with the Nelder-Mead algorithm described above, we begin
our MCMC algorithm by running the marching algorithm on the data, rejecting
outliers and setting observational errors in the same manner. Once this is done, the
MCMC chain itself begins, starting with the initial mass determined exactly like in
the Nelder-Mead case, while the initial orbits are again those previously calculated
by OpenOrb’s least-squares method and given as part of the input data. In the
beginning of a single iteration of the chain, the fit is updated to match the new
parameters and then has its χ2 and probability density values (p) calculated in
order to estimate the goodness of the new fit. As the definition of p we utilize the
following:
p( ~P1, ~P2,m1) = e−
1
2 (χ
2(~P1)+χ2( ~P2; ~P1,m1)−
∑
nobs−6nobj−nperturber) (2.1)
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Here ~P1 and ~P2 respectively refer to the orbits of the perturber and test asteroid,
while m1 refers to the perturber mass. χ2 also depends on the observations of the
asteroids and their errors, but these have not been explicitly written here. ∑nobs
refers to the total amount of observations for all objects, nobj refers to the total
amount of used asteroids (which, in all of our cases so far, is 2) and nperturber to the
total amount of perturbing asteroids which in turn equals one. The subtraction can
be considered removing the number of degrees of freedom from the χ2 value.
Next the goodness of the fit is compared to the previous one. This is done by
means of a simple p comparison with the current iteration i and the previous one:
P = pi
pi−1
(2.2)
If P > 1, the new fit is better and it is automatically accepted. Otherwise, it is
accepted with a probability of P . The exception is the first iteration of each chain,
which are always accepted.
Finally, the next trial orbits and masses are generated. This is done by adding
randomly generated numbers into each orbital element and mass of the last accepted
fit. The new elements are generated in the following manner:
Enew = Eold + σ × A×R (2.3)
Here σ is an constant input parameter with a default value of 0.2. This default
value was chosen based on empirical testing due to it providing reasonable rejection
rates. A is the Cholesky decomposition of covariance matrix for the asteroid’s orbital
elements determined with OpenOrb’s least squares algorithm, and R is a 6 element
vector consisting of random numbers generated as 2N − 1, where N is a random
real number between 0 and 1. New masses are generated by
Mnew =Mold + σMorig × (1− 2N) (2.4)
Here Morig represents the first tested mass.
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After this the next iteration may begin, and this process is repeated until
the desired amount of accepted iterations is reached. To assist with this, we im-
plemented the Raftery-Lewis diagnostic (Raftery & Lewis, 1995), which analyzes a
shorter sample MCMC chain to determine the length of the burn-in phase and the
minimum chain length necessary for the MCMC chain to represent each parame-
ter’s probability distribution within a given precision. However, convergence issues
present in our algorithm prevented us from utilizing the Raftery-Lewis diagnostic
in practise. These issues are examined in further detail during our analysis of the
MCMC results. Halfway through the run, a new chain is started with an initial
mass of 2Morig and the same orbital elements used for the first chain. This is done
both to ensure that a sufficiently large range of masses is tested, and to ensure that
the parameters converge to the same space even with different starting values.
3. Results and discussion
In this chapter, we detail both the synthetic and real datasets we used for our work
and present results of all three algorithms first for the synthetic case followed by the
real asteroids.
3.1 Synthetic data
Our synthetic data was generated using OpenOrb with a perturber mass of 8.852×
10−11 solar masses and no perturbations apart from the single perturbing asteroid.
For the test asteroid and the perturber, synthetic astrometry was generated using
errors of approximately 0.05 and 0.01 arcseconds respectively. Therefore, residuals
similar to this are to be expected for correctly working code.
Synthetic astrometry has major advantages for testing mass estimation algo-
rithms: first, we know the exact mass of the perturber, second, planetary perturba-
tions can be ignored, greatly shortening the run time, and third, perturbations by
unmodeled asteroids do not exist and thus do not cause errors.
3.1.1 Mass marching algorithm
The results for the mass marching algorithm are shown in Figure 3.1.
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Figure 3.1: Results of the mass marching algorithm applied to synthetic data. The sum of the
χ2 values for both asteroids is shown on the y-axis. The bottom x-axis represents perturber mass
in solar masses, while the top x-axis is normalized such that 1 represents the correct mass, 2 is
twice that, etc.
The best mass, i.e. the one resulting in the lowest χ2 value of 627.2, is 8.409×
10−11. While not exactly the same as the real mass of the perturber, by looking at
Figure 3.1 one can see that χ2 values change very little in the vicinity of this mass,
leading to the actual mass essentially being an equally good fit as the 8.409× 10−11
value. The general shape of the curve also looks very reasonable; it is logical that χ2
values would increase with masses further away from the correct mass. Clearly, the
marching method works remarkably well here, especially considering the fact that
it is only a first approximation.
Residuals of the fit with the optimal mass of 8.409×10−11 are shown in Figure
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3.2. They are very small, which is normal, considering the fact that our synthetic
data was generated with very small errors. Residuals are noticeably higher for the
test asteroid than the perturber. This however is not cause for concern; keeping in
mind the fact that the test asteroid’s astrometry had errors approximately 5 times
larger than those of the perturber, it is perfectly logical for the residuals to be greater
also. We can also see that there are no significant outliers; indeed, our criterion of
4σ did not detect any outliers, which is also in line with our expectations.
Figure 3.2: Residuals of the best fit for synthetic data obtained with the mass marching method.
Blue points represent astrometry of the perturber while the red points represent the test asteroid.
The data points are sorted by observation time in such a matter that each asteroid’s data begins
with the earliest observation and ends with the last.
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3.1.2 Nelder-Mead algorithm
The Nelder-Mead algorithm only outputs the best mass and orbital elements along-
side the χ2 value. The optimal mass found by the algorithm was 6.94×10−11, which
is slightly lower than the marching result and, in this case, approximately 78% of
the correct value, which is a reasonable, but not perfect, result. As one would ex-
pect, the fit is slightly better than that of the marching algorithm, as the marching
algorithm’s best χ2 value is 627.2, while the best simplex solution had a χ2 value of
613.45.
x y z x′ y′ z′
Pre-fit 0.481247 -2.356557 -1.060452 1.051458 ×10−2 2.308532×10−3 1.835380×10−3
2.746358 -0.800471 -0.314413 2.642793 ×10−3 9.146245×10−3 4.083423×10−3
Post-fit 0.481248 -2.356563 -1.060455 1.051461 ×10−2 2.308538×10−3 1.835385×10−3
2.746365 -0.800473 -0.314414 2.642800 ×10−3 9.146268×10−3 4.083433×10−3
Table 3.1: Pre- and post-Nelder-Mead-fit Cartesian orbital elements for synthetic data. The first
rows represent the perturber. The units are in au and au/d.
Residuals for the Nelder-Mead method are shown in Figure 3.3. The residuals
still appear reasonable, and in comparison to Figure 3.2, the difference, while small,
are still noticeable. From these figures it is difficult to say whether the Nelder-
Mead fit is better or not, as the differences are quite small. However, the lower
χ2 value does confirm that the new fit is better. Table 3.1 shows the pre-fit and
post-fit orbital elements for both asteroids; these results also confirm that the pre-
and post-fit orbits for the perturber remain very similar.
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Figure 3.3: Residuals of the best fit for synthetic data obtained with the Nelder-Mead method.
Blue points represent astrometry of the perturber while the red points represent the test asteroid.
The data points are sorted by observation time in such a manner that each asteroid’s data begins
with the earliest observation and ends with the last.
3.1.3 MCMC algorithm
Figure 3.4 displays the resulting probability distribution of perturber mass for the
synthetic test case. Upon examination of the kernel density estimate, which esti-
mates the probability density function of the mass, one can see that the best fitting
mass is approximately 6.76 × 10−11 solar masses, or 76% of the correct mass of
8.85 × 10−11. Clearly our result is not a perfect match, but is still within reason-
able limits. One can also see that the correct result is still barely within our 3σ
confidence limits. It is also apparent that the probability distribution in this case
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is essentially Gaussian. There were a total of 1183084 iterations of which 200000
were accepted, leading to an acceptance rate of 17%. For reference, according to
Roberts et al. (1997) the optimal acceptance rate is 23.4%, a number which we are
reasonably close to. For comparison, we have included a scatter plot of mass versus
the probability density value for each accepted iteration as Figure 3.5. It is apparent
that the scatter plot matches the histogram quite well; this result is to be expected,
and shows that there appear to be no major issues with the chain itself. One can
also see that the distributions for both halves of the chain are quite similar.
Figure 3.4: A histogram of masses for all accepted iterations of the MCMC chain for synthetic
data. Each mass is weighted by the total amount of repetitions for that particular iteration, i.e. if
an iteration is accepted n times in a row, it will be counted n times into the histogram. The bottom
x axis represents mass in solar masses, while the top x axis is normalized such that 1.0 represents
the correct mass. The red graph represents a kernel density estimate while the green and magenta
lines, respectively, represent the 1σ and 3σ confidence limits. The y axis is normalized such that
the kernel density estimate’s integral over the whole x axis is one.
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Figure 3.5: Scatter plot of mass versus probability density value for all accepted iterations of the
MCMC chain for synthetic data. The red dots represent the first half of the chain while the blue
dots correspond to the second half.
In Figure 3.6 we see the evolution of mass in the MCMC chain. In the very
beginning of the chain, we see that the initial mass is slightly too high, but it swiftly
converges into the correct range after a short burn-in period. The accepted masses
are quite evenly distributed on both sides of a baseline value, which should represent
the optimal mass. This shows that the chain has good mixing, i.e. sampling of the
parameter space, and does not appear to have any issues. Halfway through the chain
we also see the chain being restarted with twice the initial mass, which is clearly
far too large. Nonetheless, the chain again swiftly converges to the correct range.
This is important, because it makes clear that even with different starting values,
the chain still does converge to the same range, which is also what one would expect
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from a correct MCMC chain.
Figure 3.6: Evolution of the MCMC chain in terms of mass. The x-axis displays the number of
the accepted iteration, while the y-axis shows mass in solar masses.
Figures 3.7 and 3.8 show probability densities for each Cartesian element of
the perturber and test asteroid, respectively. One can see that the probability
distributions are extremely narrow, which means that our orbits are quite accurate.
Considering the data was generated based on the initial orbits to begin with, this
result is to be expected. The distribution of the test asteroid is significantly wider, if
still narrow; this is also reasonable considering the perturbations affecting it, which
do not affect the perturber itself. The shape of the distribution for the z-velocity
of the test asteroid is also interesting; it actually has a bimodal distribution unlike
all other elements. This is due to poor convergence, which can also be seen for
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the z-position of the perturbing asteroid in Figures 3.9 and 3.10. The cause for
this is uncertain, but is most likely an imperfect proposal distribution caused by
the initial covariance matrix obtained from OpenOrb’s least-squares algorithm not
taking perturbations into account. This issue is the reason why we chose to not use
the Raftery-Lewis diagnostic for this work.
To further demonstrate this issue, we have also chosen to run an MCMC chain
for the synthetic data with a total of 2 million accepted results. A chain of this
length takes a very long time to complete, and is not practically feasible for real
data. Nevertheless, this example case should be useful for displaying the evolution
of the chain in very long models. Plots for this model akin to the earlier model with
200 000 iterations are shown in Figures 3.11-3.15.
Upon examination of these plots, it is apparent that there are noticeable
changes in the distribution of several parameters, the z-velocity of the test asteroid
being a notable example. This shows that the distributions indeed have not fully
converged with 200 000 iterations for all parameters. Fortunately for us, however,
the probability distribution for mass, which is our main interest in this work, ap-
pears to have essentially converged, as the figures for 200 000 and 2 million iterations
are extremely similar. From examination of 3.15 we can also see that the z-velocity
does appear to converge to the correct area rather than systematically rising or
decreasing. Indeed, the issue here appears to be poor mixing.
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Figure 3.7: Histograms of Cartesian orbital elements of the perturber for all accepted iterations
of the MCMC chain for synthetic data. Each element is weighted by the total amount of repetitions
for that particular iteration, i.e. if an iteration is accepted n times in a row, it will be counted
n times into the histogram. The bottom x axis represents difference between the initial synthetic
orbit and the tested orbit, which means that 0.0 corresponds to the initial orbit. The red graph
represents a kernel density estimate while the y axis is normalized such that the kernel density
estimate’s integral over the whole x axis is one.
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Figure 3.8: Histograms of Cartesian orbital elements of the test asteroid for all accepted iterations
of the MCMC chain for synthetic data. Each element is weighted by the total amount of repetitions
for that particular iteration, i.e. if an iteration is accepted n times in a row, it will be counted
n times into the histogram. The bottom x axis represents difference between the initial synthetic
orbit and the tested orbit, which means that 0.0 corresponds to the initial orbit. The red graph
represents a kernel density estimate while the y axis is normalized such that the kernel density
estimate’s integral over the whole x axis is one.
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Figure 3.9: Evolution of the MCMC chain in terms of perturber orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
40 CHAPTER 3. RESULTS AND DISCUSSION
Figure 3.10: Evolution of the MCMC chain in terms of test asteroid orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
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Figure 3.11: A histogram of masses for all accepted iterations of the MCMC chain for synthetic
data with 2 million accepted iterations. See description of 3.4.
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Figure 3.12: Histograms of Cartesian orbital elements of the perturber for all accepted iterations
of the MCMC chain for synthetic data with 2 million iterations. See description of 3.7.
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Figure 3.13: Histograms of Cartesian orbital elements of the perturber for all accepted iterations
of the MCMC chain for synthetic data with 2 million iterations. See description of 3.8.
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Figure 3.14: Evolution of the MCMC chain in terms of perturber orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
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Figure 3.15: Evolution of the MCMC chain in terms of test asteroid orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
3.2 Real data
We chose nine different asteroid pairs, all of which were included in the recent
study of Baer et al. (2011), allowing us to directly compare our results to theirs
besides the weighted averages in Appendix A. The chosen asteroid pairs and the
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epochs of their gravitational encounters are shown in Table 3.2. One can see that
all of these encounters happened after the year 1990; this is a conscious decision
taken because we believe earlier astrometry to be inaccurate in comparison to more
modern astrometry, thus making mass estimation with modern astrometry easier.
It should however be noted that there have been successful mass estimations based
on pre-1990 encounters, and it is certainly something we intend to attempt in the
future.
We also avoided the heaviest asteroids, i.e. Ceres, Pallas and Vesta, because for
accurate results their masses need to be simultaneously determined due to mutual
perturbations, which is something our code does not yet support. However, this is
also something we intend to investigate in the future.
Asteroid pair Date of close encounter Mass (M) (Baer et al., 2011) Mass (Carry, 2012)
7-17186 1998/3/14 (5.34± 0.75)× 10−12 (6.49± 1.06)× 10−12
10-3946 1998/3/30 (4.051± 0.1)× 10−11 (4.34± 0.26)× 10−11
13-14689 1997/7/21 (8.0± 2.2)× 10−12 (4.44± 2.14)× 10−12
15-14401 2005/7/15 (1.427± 0.14)× 10−11 (1.58± 0.09)× 10−11
19-3486 1996/5/14 (3.90± 0.37)× 10−12 (4.33± 0.73)× 10−12
19-27799 1997/12/24 (9.10± 1.6)× 10−12 (4.33± 0.73)× 10−12
29-987 1994/ 3/ 3 (7.73± 0.32)× 10−12 (6.49± 1.01)× 10−12
52-124 1993/10/17 (1.139± 0.079)× 10−11 (1.20± 0.29)× 10−11
704-7461 1997/5/31 (1.97± 0.59)× 10−11 (1.65± 0.23)× 10−11
Table 3.2: The asteroid pairs used in this work. The numbers in the first column represent the
numbers of used asteroids. The first asteroid represents the perturber while the second represents
the test asteroid. Dates of close encounters taken from Galád & Gray (2002) with the exceptions of
7-17186 and 15-14401, which are taken from their website1, and 19-27799 for which we estimated
a date ourselves by integrating the orbits of both asteroids to find the date at which the distance
between the two asteroids was the smallest. Note that the masses of Carry (2012) are weighted
averages of many mass determinations, while the values of Baer et al. (2011) are based on single
estimates.
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All of the used astrometry was taken from the Minor Planet Center. We
removed all pre-1990 observations from the datasets in order to reduce integration
time and because of older data’s lower accuracy. The rest of the data was left
untouched. We also utilized the Minor Planet Center’s MPCORB orbit database
for providing initial orbits for each asteroid.
3.2.1 Mass marching algorithm
Figure 3.16: Results of the mass marching algorithm applied to the asteroid pair 19-3486. The
sum of the χ2 values for both asteroids is shown on the y-axis. The bottom x-axis represents
perturber mass in solar masses, while the top x-axis is normalized such that 1 represents the mass
from Carry (2012), 2 is twice that, etc.
We ran the marching algorithm for all tested real asteroid pairs with a chain length of
50 thousand accepted iterations. An example result for the cases of 19-3486 and 15-
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14401 can be seen in Figures 3.16 and 3.17, respectively. In the case of 19-3486, the
marching algorithm finds a non-zero optimal mass that is approximately 75% of the
mass from Carry (2012), which is actually a very good result, especially considering
the fact that the whole marching algorithm is based on a heavy approximation.
Figure 3.17: Results of the mass marching algorithm applied to the asteroid pair 15-14401 using
the standard initial orbits determined with the least squares approach.
The case of 15-14401, however, is an example of the marching algorithm failing.
One can see that it finds an optimal mass of zero, which quite obviously is not true.
This is also the case in several other asteroid pairs, and as such it appears that in
some cases, the algorithm produces reasonable results while in others, an optimal
mass of zero is reported. The best masses for all cases can be seen in Table 3.3. The
optimal reported mass is zero in four cases, while the other five give results fairly
similar to literature values.
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Asteroid pair Marching result (M) Mass (Carry, 2012)
7-17186 1.20× 10−12 (6.49± 1.06)× 10−12
10-3946 2.02× 10−11 (4.34± 0.26)× 10−11
13-14689 0.00 (4.44± 2.14)× 10−12
15-14401 0.00 (1.58± 0.09)× 10−11
19-3486 3.07× 10−12 (4.33± 0.73)× 10−12
19-27799 3.07× 10−12 (4.33± 0.73)× 10−12
29-987 0.00 (6.49± 1.01)× 10−12
52-124 1.45× 10−11 (1.20± 0.29)× 10−11
704-7461 0.00 (1.65± 0.23)× 10−11
Table 3.3: Compilation of the marching algorithm’s results for all used asteroid pairs.
In order to verify that there are no major issues in the χ2 calculation, we also
chose to run two other tests; first, we ran the marching algorithm for an asteroid
pair, 14328-4665, which should experience no gravitational encounters at all. This
being the case, it logically follows that perturber mass should have no effect on the
χ2 value whatsoever. This is exactly the result we see in Figure 3.19.
As our second test, we chose to investigate the case of 15-14401 further. Given
the nature of the marching algorithm, it is logical that the mass of zero resulted
from bad initial orbits, which did not take the actual perturbations into account and
may have had other inaccuracies. Thus one would expect that with better orbits,
the issue should disappear. To verify this, we re-ran the marching algorithm for
this asteroid pair using the best orbits from the MCMC mass estimation algorithm
rather than the least-squares orbits used earlier. As the optimal mass from MCMC
was non-zero, one expects that the marching result should also be when using the
optimal MCMC orbits. The result of this test is shown in Figure 3.18. Clearly, the
best mass is in fact not zero with these orbits, but rather, it is equal to the MCMC
result further detailed in the MCMC section, which is the expected result.
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Figure 3.18: Results of the mass marching algorithm applied to the asteroid pair 15-14401 using
initial orbits from the MCMC mass estimation algorithm.
Figure 3.19: Results of the mass marching algorithm applied to the asteroid pair 14328-4665.
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3.2.2 Nelder-Mead algorithm
Nelder-Mead algorithm results for each tested real object can be seen in Table 3.4.
In most cases, the result is again similar to literature values. Notable exceptions
include 13-14689, 29-987, in which the result is clearly far too large, and 52-124,
where it is too small. Of course, one has to keep in mind that our results do not
provide any error estimates.
Asteroid pair Nelder-Mead result (M) Mass (Carry, 2012)
7-17186 5.03× 10−12 (6.49± 1.06)× 10−12
10-3946 2.76× 10−11 (4.34± 0.26)× 10−11
13-14689 1.37× 10−11 (4.44± 2.14)× 10−12
15-14401 3.29× 10−11 (1.58± 0.09)× 10−11
19-3486 2.32× 10−12 (4.33± 0.73)× 10−12
19-27799 2.20× 10−12 (4.33± 0.73)× 10−12
29-987 1.43× 10−11 (6.49± 1.01)× 10−12
52-124 7.74× 10−12 (1.20± 0.29)× 10−11
704-7461 2.98× 10−11 (1.65± 0.23)× 10−11
Table 3.4: Compilation of the Nelder-Mead algorithm’s results for all used asteroid pairs.
3.2.3 MCMC algorithm
We begin our analysis of the MCMC results by examining the case of asteroid pair
19-3486. This pair represents a ’decent’ result, where the literature value falls easily
within our confidence limits despite our optimal result only being approximately
50% of the literature value. The shown plots here largely correspond to the case
of synthetic data, starting with Figures 3.20 and 3.21, which respectively show the
distribution of all accepted masses and evolution of the mass chain. The optimal
mass corresponds to the peak of the kernel density estimate at roughly 2 × 10−12
solar masses in Figure 3.20. The literature value is not quite within 1σ confidence
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limits, but does fall within 2σ. The evolution of the chain also appears reasonable
and in line with expectations.
Figure 3.20: A histogram of masses for all accepted iterations of the MCMC chain for the
asteroid pair 19-3486 with 50 000 accepted iterations. Each mass is weighted by the total amount
of repetitions for that particular iteration, i.e. if an iteration is accepted n times in a row, it will
be counted n times into the histogram. The bottom x axis represents mass in solar masses, while
the top x axis is normalized such that 1.0 represents the literature value of (Carry, 2012). The
red graph represents a kernel density estimate while the green and magenta lines, respectively,
represent the 1σ and 3σ confidence limits. The y axis is normalized such that the kernel density
estimate’s integral over the whole x axis is one.
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Figure 3.21: Evolution of the MCMC chain in terms of mass. The x-axis displays the number of
the accepted iteration, while the y-axis shows mass in solar masses.
Similarly, distributions for each orbital element are shown in Figures 3.22 and
3.23. Each distribution appears to be almost Gaussian, which again is within ex-
pectations. Thus there is nothing particularly noteworthy with the distributions.
However, upon examining the evolution of chains for these elements in Figures 3.24
and 3.25, it becomes apparent that several elements suffer from mixing/convergence
issues, much like in the synthetic case, though they appear less pronounced here.
Once again, the z-components appear particularly suspectible to the issue.
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Figure 3.22: Histograms of Cartesian orbital elements of the perturber for all accepted iterations
of the MCMC chain for the asteroid pair 19-3486. Each element is weighted by the total amount
of repetitions for that particular iteration, i.e. if an iteration is accepted n times in a row, it will
be counted n times into the histogram. The bottom x axis represents difference between the initial
synthetic orbit and the tested orbit, which means that 0.0 corresponds to the initial orbit. The
red graph represents a kernel density estimate while the y axis is normalized such that the kernel
density estimate’s integral over the whole x axis is one.
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Figure 3.23: Histograms of Cartesian orbital elements of the test asteroid for all accepted iter-
ations of the MCMC chain for the asteroid pair 19-3486. Each element is weighted by the total
amount of repetitions for that particular iteration, i.e. if an iteration is accepted n times in a row,
it will be counted n times into the histogram. The bottom x axis represents difference between the
initial synthetic orbit and the tested orbit, which means that 0.0 corresponds to the initial orbit.
The red graph represents a kernel density estimate while the y axis is normalized such that the
kernel density estimate’s integral over the whole x axis is one.
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Figure 3.24: Evolution of the MCMC chain in terms of perturber orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
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Figure 3.25: Evolution of the MCMC chain in terms of test asteroid orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
Thus, like in the synthetic case, we chose to test this effect with a longer run of
200 000 accepted iterations. We again see the probability distribution of perturber
mass in 3.26. While the overall shape remains similar, the distribution does still
noticeably differ from the case with 50 thousand iterations. Both the confidence
limits and the optimal mass have shifted slightly. However, due to the smallness
of the change in both this and the synthetic case, these convergence issues do not
invalidate our results with less iterations. Nonetheless, there is a real issue here that
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will need to be properly solved in the future.
Figure 3.26: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 19-3486 with 200 000 accepted iterations.
The orbital element distributions for this case are shown in Figures 3.27 and
3.28. The troublesome z-components are of particular interest here; in comparison
to the earlier figures, besides the distributions being wider, their peaks have quite
clearly shifted. The distributions of other components have not changed nearly as
much, which points to them indeed having largely converged earlier. However, these
distributions do appear smoother and closer to Gaussian than before.
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Figure 3.27: Histograms of Cartesian orbital elements of the perturber for all accepted iterations
of the MCMC chain for the asteroid pair 19-3486 with 200 000 accepted iterations.
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Figure 3.28: Histograms of Cartesian orbital elements of the test asteroid for all accepted itera-
tions of the MCMC chain for the asteroid pair 19-3486 with 200 000 accepted iterations.
Figures 3.29 and 3.30 show the evolution of the orbital element chains once
again. Figure 3.30 is of particular interest, as it very clearly shows the convergence
issues of the z-components and, to a lesser extent, the y-components. The mean of
the z-components systematically decreases in consecutive iterations, which is a clear
sign of poor convergence. Half-way through, the start of the second chain appears
quite clearly in these cases unlike in the others for this exact reason. Inspecting the
figures by eye suggests that convergence is reached towards the end of the chains,
but a longer run would be necessary to properly verify this. This issue did not
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appear in the previous plot most likely due to the chains being too short for this
phenomenon to actually be visible.
Figure 3.29: Evolution of the MCMC chain in terms of perturber orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
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Figure 3.30: Evolution of the MCMC chain in terms of test asteroid orbital elements. The x-axis
displays the number of the accepted iteration, while the y-axis represents difference from the initial
orbit.
Due to CPU time constraints, we only ran the MCMC algorithm with 50
000 accepted iterations for other asteroids. As was demonstrated, this introduces a
small error into the resulting masses and potentially larger ones in the z-components
of elements for both asteroids. We however believe this error to be too small to
invalidate the results, all of which are shown in Table 3.5.
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Asteroid pair Optimal mass (M) 1σ 3σ Mass (Carry, 2012)
Synthetic 6.76× 10−11 5.84× 10−11 7.55× 10−11 8.85× 10−11
7.55× 10−11 9.29× 10−11
7-17186 1.96× 10−12 4.60× 10−13 5.91× 10−15 (6.49± 1.06)× 10−12
3.60× 10−12 2.53× 10−11
10-3946 2.47× 10−11 2.16× 10−11 1.57× 10−11 (4.34± 0.26)× 10−11
2.86× 10−11 3.40× 10−11
13-14689 1.73× 10−12 8.12× 10−15 8.12× 10−15 (4.44± 2.14)× 10−12
1.27× 10−11 3.43× 10−11
15-14401 1.53× 10−11 1.25× 10−11 1.43× 10−12 (1.58± 0.09)× 10−11
1.79× 10−11 2.30× 10−11
19-3486 2.06× 10−12 6.99× 10−13 2.38× 10−15 (4.33± 0.73)× 10−12
3.23× 10−12 8.10× 10−12
19-27799 1.34× 10−11 9.81× 10−12 3.09× 10−12 (4.33± 0.73)× 10−12
1.62× 10−11 2.25× 10−11
29-987 1.23× 10−12 3.89× 10−14 6.49× 10−15 (6.49± 1.01)× 10−12
8.11× 10−12 3.44× 10−11
52-124 2.67× 10−12 1.40× 10−13 1.28× 10−14 (1.20± 0.29)× 10−11
7.98× 10−12 3.59× 10−11
704-7461 7.84× 10−13 6.47× 10−14 3.81× 10−15 (1.65± 0.23)× 10−11
5.24× 10−12 1.84× 10−11
Table 3.5: Compilation of the MCMC algorithm’s results for all used asteroid pairs.
One can see that in almost all cases, our optimal results do not perfectly cor-
respond to the weighted average values of Carry (2012), with the notable exception
of the asteroid pair 15-14401, the optimal result of which essentially equals the
literature value. Nonetheless, in 3 cases the literature values are well within our
1σ confidence limits and within 3σ in almost all others. These confidence limits
are also quite wide in comparison to those in literature and, significantly, in many
cases not Gaussian as is often assumed. The gaussian cases of the synthetic pair,
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15-14401, and 10-3946 interestingly have notably smaller confidence limits than the
other cases. This may point to the confidence limits used in literature actually being
very inaccurate in non-Gaussian cases, as reliable error estimates, which do not need
to assume any particular underlying distribution, are one of the MCMC algorithm’s
particular strengths. Even so, in some cases our extremely wide confidence limits
do warrant further investigation.
The asteroid pair 52-124 is an interesting case. The significant difference be-
tween our result and the literature value appears to be caused by our outlier rejection
model. We ran another MCMC chain without removing outliers, which resulted in a
best mass of 1.94×10−11, with 1σ limits of 8.58×10−12 to 4.29×10−11 solar masses,
which corresponds to the literature value quite well. This is a surprisingly large ef-
fect, as the algorithm only rejected 30 outliers out of a total of approximately 3000
observations. The outlier rejection algorithm was not found to have such a large
effect in the other cases. The magnitude of the effect in this case however does show
that outlier rejection plays a significant part in asteroid mass estimation.
Another case that may be of particular interest is that of asteroid 19: for
this particular asteroid, we ran the mass estimation algorithms separately for two
different test asteroids. In reality, as we are dealing with the same perturber in
both cases, the correct mass should be the same. In practise, the MCMC results for
this asteroid differ by an order of magnitude. This is not unprecedented, however.
For instance, Baer et al. (2011) also reported very different results for these cases as
seen in Table 3.2. They also reported similar differences for various other perturbers
depending on choice of test asteroid, which quite clearly shows the numerical inaccu-
racies involved. Considering this, it would be interesting to attempt mass estimation
while using many different test asteroids at once rather than just one, as in theory it
might lead to more stable result, and this is certainly something we intend to try in
the future. As the masses of Carry (2012) are weighted averages of many mass esti-
3.2. REAL DATA 65
mates, they do not rely on any single test asteroid unlike our estimates, which may
help explain some of the differences. Interestingly, both Nelder-Mead and marching
algorithms gave results much more in line with each other than MCMC did in this
case.
In most cases, the results are fairly similar to those of the Nelder-Mead al-
gorithm (Table 3.4) with some exceptions, such as 704-7461 where Nelder-Mead is
very close to the literature value unlike the MCMC algorithm. Conversely, in some
other cases such as 13-14689 the MCMC result is much better. Overall, the results
for both algorithms are essentially in line with each other.
4. Conclusions
We have successfully implemented three different algorithms for asteroid mass es-
timation and computed mass estimates largely in line with literature values. The
MCMC algorithm shows that the probability distribution of perturber mass in many
cases is not Gaussian, unlike those of the orbital elements. This hints to the often
used Gaussian error estimates in fact being incorrect. We see these more accurate
error estimates as the main advantage of our MCMC algorithm.
However, there remain several issues with our algorithm; a more refined ap-
proach for outlier rejection is necessary, as showcased by for example the MCMC
results for asteroid pair 52-124, and an observational error model for individual ob-
servations. Optimization of the MCMC algorithm in particular will also be useful in
practise. In particular, multithreading promises significant performance increases,
and should be straightforward to implement. Extending the MCMC and Nelder-
Mead algorithms to work on multiple perturbers is necessary for studying cases in
which asteroids mutually perturb one another, and similarly extending the algo-
rithms for multiple test asteroids should improve our results in cases where more
than one is available.
All in all, the mass estimation algorithms look quite promising and are going
to improve in the future.
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Appendix A: List of currently
known asteroid masses and
densities
Table A.1: A compilation of known asteroid mass, volume-equivalent diameter, density and
porosity estimates by Carry (2012)
# Name Mass (M) Diameter (km) Density Porosity (%)
1 Ceres ( 4.75 ± 0.03 ) × 10−10 944.795 ± 23.000 2.14 ± 0.16 4 ± 7
2 Pallas ( 1.03 ± 0.02 ) × 10−10 514.417 ± 19.128 2.87 ± 0.32 0 ± 11
3 Juno ( 1.37 ± 0.15 ) × 10−11 241.797 ± 10.589 3.68 ± 0.63 0 ± 16
4 Vesta ( 1.32 ± 0.03 ) × 10−10 519.337 ± 6.842 3.59 ± 0.15 0 ± 4
5 Astraea ( 1.33 ± 0.22 ) × 10−12 113.415 ± 3.532 3.45 ± 0.66 0 ± 19
6 Hebe ( 6.99 ± 0.50 ) × 10−12 190.925 ± 7.151 3.81 ± 0.50 0 ± 13
7 Iris ( 6.49 ± 1.06 ) × 10−12 225.896 ± 25.948 2.14 ± 0.82 35 ± 38
8 Flora ( 4.61 ± 0.88 ) × 10−12 139.127 ± 2.267 6.50 ± 1.28 0 ± 19
9 Metis ( 4.22 ± 0.84 ) × 10−12 164.466 ± 7.678 3.60 ± 0.88 0 ± 24
10 Hygiea ( 4.34 ± 0.26 ) × 10−11 421.603 ± 25.697 2.20 ± 0.42 2 ± 19
11 Parthenope ( 2.97 ± 0.23 ) × 10−12 151.077 ± 5.119 3.27 ± 0.42 1 ± 12
12 Victoria ( 1.23 ± 0.23 ) × 10−12 124.099 ± 8.317 2.45 ± 0.68 19 ± 27
13 Egeria ( 4.44 ± 2.14 ) × 10−12 214.735 ± 11.535 1.70 ± 0.86 24 ± 50
14 Irene ( 1.46 ± 0.95 ) × 10−12 147.757 ± 5.040 1.72 ± 1.13 48 ± 65
15 Eunomia ( 1.58 ± 0.09 ) × 10−11 256.631 ± 1.049 3.54 ± 0.21 0 ± 5
16 Psyche ( 1.37 ± 0.38 ) × 10−11 248.456 ± 17.132 3.38 ± 1.17 15 ± 34
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# Name Mass (M) Diameter (km) Density Porosity (%)
17 Thetis ( 6.69 ± 0.60 ) × 10−13 82.768 ± 8.795 4.48 ± 1.49 0 ± 33
18 Melpomene ( 1.62 ± 0.64 ) × 10−12 141.721 ± 4.863 2.16 ± 0.89 35 ± 41
19 Fortuna ( 4.33 ± 0.73 ) × 10−12 206.904 ± 6.490 1.85 ± 0.36 17 ± 19
20 Massalia ( 2.51 ± 0.52 ) × 10−12 137.000 ± 8.823 3.71 ± 1.05 0 ± 28
21 Lutetia ( 8.55 ± 0.05 ) × 10−13 98.000 ± 5.000 3.45 ± 0.53 0 ± 15
22 Kalliope ( 4.00 ± 0.16 ) × 10−12 170.234 ± 10.469 3.08 ± 0.58 23 ± 18
23 Thalia ( 9.86 ± 0.45 ) × 10−13 106.814 ± 3.233 3.08 ± 0.31 7 ± 10
24 Themis ( 2.96 ± 0.96 ) × 10−12 183.842 ± 11.405 1.81 ± 0.68 19 ± 37
25 Phocaea ( 3.01 ± 0.30 ) × 10−13 80.191 ± 4.669 2.22 ± 0.45 33 ± 20
26 Proserpina ( 3.76 ± 4.50 ) × 10−13 89.630 ± 3.558 1.98 ± 2.39 40 ± 120
27 Euterpe ( 8.40 ± 5.08 ) × 10−13 105.803 ± 7.232 2.70 ± 1.72 19 ± 63
28 Bellona ( 1.32 ± 0.08 ) × 10−12 108.106 ± 11.493 3.95 ± 1.28 0 ± 32
29 Amphitrite ( 6.49 ± 1.01 ) × 10−12 217.595 ± 10.716 2.39 ± 0.51 28 ± 21
30 Urania ( 8.75 ± 2.46 ) × 10−13 94.489 ± 5.377 3.93 ± 1.29 0 ± 32
31 Euphrosyne ( 6.39 ± 3.27 ) × 10−12 272.925 ± 8.860 1.19 ± 0.62 47 ± 52
33 Polyhymnia ( 3.12 ± 0.37 ) × 10−12 53.980 ± 0.910 75.28 ± 9.71 0 ± 12
34 Circe ( 1.84 ± 0.02 ) × 10−12 113.022 ± 4.909 4.84 ± 0.63 0 ± 13
36 Atalante ( 2.17 ± 1.91 ) × 10−12 110.150 ± 4.387 6.17 ± 5.48 0 ± 88
38 Leda ( 2.87 ± 2.75 ) × 10−12 115.417 ± 1.331 7.09 ± 6.80 0 ± 95
39 Laetitia ( 2.37 ± 0.57 ) × 10−12 153.810 ± 4.144 2.48 ± 0.63 25 ± 25
41 Daphne ( 3.17 ± 0.06 ) × 10−12 181.050 ± 9.607 2.03 ± 0.33 9 ± 16
42 Isis ( 7.95 ± 2.62 ) × 10−13 102.738 ± 2.732 2.78 ± 0.94 16 ± 33
43 Ariadne ( 6.09 ± 1.11 ) × 10−13 63.612 ± 4.661 8.99 ± 2.58 0 ± 28
45 Eugenia ( 2.91 ± 0.07 ) × 10−12 201.817 ± 14.771 1.35 ± 0.30 40 ± 22
46 Hestia ( 3.01 ± 0.25 ) × 10−12 125.294 ± 5.217 5.82 ± 0.87 0 ± 14
47 Aglaja ( 1.63 ± 0.84 ) × 10−12 141.901 ± 8.722 2.17 ± 1.19 22 ± 55
48 Doris ( 3.08 ± 1.49 ) × 10−12 211.673 ± 10.851 1.23 ± 0.63 45 ± 50
49 Pales ( 2.12 ± 1.08 ) × 10−12 150.825 ± 3.810 2.35 ± 1.21 0 ± 51
50 Virginia ( 1.16 ± 0.35 ) × 10−12 99.425 ± 0.470 4.50 ± 1.36 0 ± 30
51 Nemausa ( 1.25 ± 0.43 ) × 10−12 148.852 ± 3.562 1.44 ± 0.51 36 ± 35
52 Europa ( 1.20 ± 0.29 ) × 10−11 310.211 ± 10.349 1.52 ± 0.40 32 ± 26
53 Kalypso ( 2.83 ± 2.51 ) × 10−12 109.063 ± 7.271 8.29 ± 7.55 0 ± 91
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# Name Mass (M) Diameter (km) Density Porosity (%)
54 Alexandra ( 3.10 ± 1.76 ) × 10−12 149.686 ± 9.855 3.51 ± 2.11 0 ± 60
56 Melete ( 2.32 ± 0.00 ) × 10−12 113.639 ± 8.273 6.00 ± 1.31 0 ± 21
57 Mnemosyne ( 6.34 ± 1.21 ) × 10−12 113.017 ± 4.461 16.63 ± 3.74 0 ± 22
59 Elpis ( 1.51 ± 0.25 ) × 10−12 163.617 ± 6.506 1.31 ± 0.27 53 ± 20
60 Echo ( 1.58 ± 0.16 ) × 10−13 60.005 ± 1.331 2.78 ± 0.33 16 ± 12
61 Danae ( 1.45 ± 1.40 ) × 10−12 82.530 ± 2.738 9.82 ± 9.50 0 ± 96
63 Ausonia ( 7.69 ± 0.75 ) × 10−13 94.457 ± 7.154 3.47 ± 0.86 0 ± 24
65 Cybele ( 6.84 ± 1.56 ) × 10−12 248.292 ± 17.594 1.70 ± 0.53 59 ± 30
67 Asia ( 5.18 ± 0.50 ) × 10−13 60.992 ± 2.417 8.67 ± 1.33 0 ± 15
68 Leto ( 1.65 ± 0.96 ) × 10−12 124.961 ± 6.430 3.21 ± 1.93 3 ± 60
69 Hesperia ( 2.95 ± 0.59 ) × 10−12 136.693 ± 4.710 4.38 ± 0.99 0 ± 22
70 Panopaea ( 2.18 ± 0.55 ) × 10−12 133.431 ± 7.583 3.48 ± 1.06 0 ± 30
72 Feronia ( 1.67 ± 4.27 ) × 10−12 83.953 ± 4.022 10.72 ± 27.45 0 ± 256
74 Galatea ( 3.08 ± 2.70 ) × 10−12 120.673 ± 7.152 6.66 ± 5.94 0 ± 89
76 Freia ( 9.91 ± 21.12 ) × 10−13 167.872 ± 8.731 0.80 ± 1.70 64 ± 213
77 Frigga ( 8.75 ± 3.42 ) × 10−13 66.979 ± 1.283 11.06 ± 4.34 0 ± 39
78 Diana ( 6.39 ± 0.65 ) × 10−13 123.637 ± 4.573 1.28 ± 0.19 42 ± 14
81 Terpsichore ( 3.11 ± 2.67 ) × 10−12 121.776 ± 2.344 6.55 ± 5.63 0 ± 85
84 Klio ( 2.75 ± 2.04 ) × 10−13 79.402 ± 1.958 2.09 ± 1.56 7 ± 74
85 Io ( 1.29 ± 0.74 ) × 10−12 155.005 ± 6.009 1.32 ± 0.77 41 ± 58
87 Sylvia ( 7.44 ± 0.00 ) × 10−12 278.149 ± 10.760 1.31 ± 0.15 52 ± 11
88 Thisbe ( 7.69 ± 1.56 ) × 10−12 204.046 ± 9.126 3.45 ± 0.84 0 ± 24
89 Julia ( 3.37 ± 0.92 ) × 10−12 147.573 ± 8.326 3.98 ± 1.27 0 ± 31
90 Antiope ( 4.17 ± 0.10 ) × 10−13 122.151 ± 2.777 0.87 ± 0.06 61 ± 7
92 Undina ( 2.23 ± 0.13 ) × 10−12 124.447 ± 3.254 4.39 ± 0.42 0 ± 9
93 Minerva ( 1.76 ± 0.20 ) × 10−12 149.794 ± 8.088 1.99 ± 0.39 11 ± 19
94 Aurora ( 3.13 ± 1.83 ) × 10−12 186.358 ± 8.846 1.84 ± 1.11 18 ± 60
96 Aegle ( 3.26 ± 3.15 ) × 10−12 167.928 ± 5.493 2.61 ± 2.54 34 ± 97
97 Klotho ( 6.69 ± 0.65 ) × 10−13 84.798 ± 3.137 4.17 ± 0.62 0 ± 14
98 Ianthe ( 4.49 ± 1.00 ) × 10−13 106.165 ± 3.764 1.43 ± 0.35 36 ± 24
105 Artemis ( 7.69 ± 2.72 ) × 10−13 119.102 ± 6.781 1.73 ± 0.68 23 ± 38
106 Dione ( 1.54 ± 0.77 ) × 10−12 147.178 ± 3.344 1.83 ± 0.93 18 ± 50
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107 Camilla ( 5.63 ± 0.15 ) × 10−12 210.689 ± 8.893 2.29 ± 0.30 18 ± 12
111 Ate ( 8.85 ± 2.21 ) × 10−13 142.857 ± 5.950 1.15 ± 0.32 48 ± 27
112 Iphigenia ( 9.91 ± 34.10 ) × 10−13 71.072 ± 0.521 10.48 ± 36.07 0 ± 344
117 Lomia ( 3.06 ± 0.32 ) × 10−12 146.783 ± 3.967 3.67 ± 0.48 0 ± 13
121 Hermione ( 2.50 ± 0.17 ) × 10−12 195.368 ± 10.622 1.27 ± 0.22 43 ± 17
126 Velleda ( 2.36 ± 29.12 ) × 10−13 44.798 ± 1.332 10.01 ± 123.00 0 ± 1229
127 Johanna ( 1.55 ± 0.68 ) × 10−12 116.148 ± 3.933 3.75 ± 1.69 0 ± 44
128 Nemesis ( 3.00 ± 1.29 ) × 10−12 184.192 ± 5.192 1.82 ± 0.80 18 ± 43
129 Antigone ( 1.33 ± 0.45 ) × 10−12 119.444 ± 3.918 2.97 ± 1.04 29 ± 35
130 Elektra ( 3.32 ± 0.20 ) × 10−12 189.628 ± 6.811 1.85 ± 0.23 17 ± 12
132 Aethra ( 2.06 ± 13.63 ) × 10−13 35.839 ± 6.596 17.09 ± 112.83 0 ± 660
135 Hertha ( 6.09 ± 0.80 ) × 10−13 76.129 ± 3.293 5.24 ± 0.96 0 ± 18
137 Meliboea ( 3.66 ± 1.54 ) × 10−12 145.926 ± 3.585 4.47 ± 1.92 0 ± 42
138 Tolosa ( 2.48 ± 1.30 ) × 10−13 51.864 ± 3.075 6.75 ± 3.74 0 ± 55
139 Juewa ( 2.79 ± 1.11 ) × 10−12 161.433 ± 7.381 2.52 ± 1.06 9 ± 41
141 Lumen ( 4.15 ± 2.90 ) × 10−12 131.354 ± 5.219 6.95 ± 4.93 0 ± 70
144 Vibilia ( 2.67 ± 0.60 ) × 10−12 141.344 ± 2.761 3.59 ± 0.84 0 ± 23
145 Adeona ( 1.05 ± 0.29 ) × 10−12 149.504 ± 5.458 1.19 ± 0.35 47 ± 29
147 Protogeneia ( 6.19 ± 0.25 ) × 10−12 118.449 ± 10.456 14.14 ± 3.78 0 ± 26
148 Gallia ( 2.46 ± 0.84 ) × 10−12 83.452 ± 5.070 16.07 ± 6.22 0 ± 38
150 Nuwa ( 8.15 ± 1.01 ) × 10−13 146.546 ± 9.151 0.98 ± 0.22 56 ± 22
152 Atala ( 2.73 ± 0.62 ) × 10−12 60.035 ± 3.013 47.93 ± 13.11 0 ± 27
154 Bertha ( 4.62 ± 2.62 ) × 10−12 186.854 ± 1.839 2.69 ± 1.52 0 ± 56
156 Xanthippe ( 3.26 ± 1.87 ) × 10−12 116.348 ± 4.140 7.87 ± 4.58 0 ± 58
163 Erigone ( 1.01 ± 0.34 ) × 10−12 72.700 ± 1.956 9.99 ± 3.46 0 ± 34
164 Eva ( 4.67 ± 3.90 ) × 10−13 101.775 ± 3.615 1.68 ± 1.42 39 ± 84
165 Loreley ( 9.61 ± 0.96 ) × 10−12 164.922 ± 8.144 8.14 ± 1.46 0 ± 17
168 Sibylla ( 1.97 ± 0.91 ) × 10−12 149.062 ± 4.292 2.26 ± 1.06 0 ± 46
173 Ino ( 2.41 ± 1.56 ) × 10−12 160.071 ± 6.040 2.23 ± 1.47 20 ± 65
179 Klytaemnestra ( 1.25 ± 0.60 ) × 10−13 75.020 ± 3.213 1.13 ± 0.56 66 ± 49
185 Eunike ( 1.79 ± 1.31 ) × 10−12 160.616 ± 5.009 1.64 ± 1.21 27 ± 74
187 Lamberta ( 9.05 ± 4.27 ) × 10−13 131.313 ± 1.087 1.52 ± 0.72 32 ± 47
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189 Phthia ( 1.93 ± 0.41 ) × 10−14 40.919 ± 1.365 1.07 ± 0.25 67 ± 23
192 Nausikaa ( 9.00 ± 2.11 ) × 10−13 90.188 ± 2.801 4.65 ± 1.17 0 ± 25
194 Prokne ( 1.35 ± 0.15 ) × 10−12 170.336 ± 6.922 1.04 ± 0.17 53 ± 16
196 Philomela ( 2.01 ± 0.77 ) × 10−12 145.298 ± 7.714 2.49 ± 1.03 25 ± 41
200 Dynamene ( 5.38 ± 0.80 ) × 10−12 130.718 ± 3.017 9.15 ± 1.52 0 ± 16
204 Kallisto ( 3.02 ± 9.10 ) × 10−13 50.364 ± 1.695 8.98 ± 27.07 0 ± 301
209 Dido ( 2.31 ± 3.73 ) × 10−12 140.357 ± 10.129 3.17 ± 5.17 25 ± 163
210 Isabella ( 1.71 ± 0.55 ) × 10−12 73.701 ± 8.475 16.27 ± 7.65 0 ± 47
211 Isolda ( 2.26 ± 1.22 ) × 10−12 149.818 ± 6.108 2.55 ± 1.41 0 ± 55
212 Medea ( 6.64 ± 0.50 ) × 10−12 144.130 ± 7.232 8.42 ± 1.43 0 ± 17
216 Kleopatra ( 2.33 ± 0.10 ) × 10−12 127.474 ± 8.440 4.28 ± 0.87 0 ± 20
217 Eudora ( 7.64 ± 0.30 ) × 10−13 68.629 ± 1.414 8.98 ± 0.66 0 ± 7
221 Eos ( 2.95 ± 0.17 ) × 10−12 103.524 ± 5.600 10.10 ± 1.74 0 ± 17
230 Athamantis ( 9.50 ± 0.96 ) × 10−13 110.170 ± 4.578 2.70 ± 0.43 19 ± 15
234 Barbara ( 2.21 ± 7.29 ) × 10−13 45.627 ± 1.933 8.85 ± 29.18 0 ± 329
238 Hypatia ( 2.46 ± 0.85 ) × 10−12 146.133 ± 2.666 3.00 ± 1.05 0 ± 35
240 Vanadis ( 5.53 ± 4.63 ) × 10−13 94.035 ± 5.374 2.54 ± 2.15 0 ± 84
241 Germania ( 4.33 ± 25.15 ) × 10−13 178.607 ± 7.847 0.29 ± 1.68 87 ± 580
243 Ida ( 1.90 ± 0.10 ) × 10−14 31.300 ± 1.200 2.35 ± 0.30 29 ± 12
253 Mathilde ( 5.18 ± 0.20 ) × 10−14 53.000 ± 2.600 1.32 ± 0.20 41 ± 15
259 Aletheia ( 3.92 ± 0.22 ) × 10−12 190.055 ± 6.825 2.17 ± 0.26 22 ± 12
266 Aline ( 2.09 ± 0.21 ) × 10−12 107.957 ± 6.627 6.30 ± 1.32 0 ± 20
268 Adorea ( 1.63 ± 1.14 ) × 10−12 140.320 ± 3.348 2.24 ± 1.57 19 ± 69
283 Emma ( 6.94 ± 0.15 ) × 10−13 132.746 ± 10.135 1.13 ± 0.26 49 ± 23
304 Olga ( 5.78 ± 5.63 ) × 10−13 70.309 ± 2.328 6.32 ± 6.19 0 ± 97
306 Unitas ( 2.68 ± 2.90 ) × 10−13 52.889 ± 3.486 6.88 ± 7.57 0 ± 110
322 Phaeo ( 9.35 ± 0.20 ) × 10−13 71.890 ± 4.327 9.56 ± 1.74 0 ± 18
324 Bamberga ( 5.18 ± 0.50 ) × 10−12 234.672 ± 7.809 1.52 ± 0.21 32 ± 13
328 Gudrun ( 1.59 ± 0.23 ) × 10−12 122.599 ± 3.725 3.27 ± 0.56 1 ± 17
334 Chicago ( 2.54 ± 2.83 ) × 10−12 167.267 ± 7.273 2.06 ± 2.32 8 ± 112
337 Devosa ( 5.43 ± 0.80 ) × 10−13 63.876 ± 3.145 7.91 ± 1.65 0 ± 20
344 Desiderata ( 6.99 ± 2.41 ) × 10−13 129.203 ± 3.374 1.23 ± 0.43 45 ± 35
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345 Tercidina ( 1.35 ± 0.59 ) × 10−12 98.788 ± 2.637 5.31 ± 2.38 0 ± 44
346 Hermentaria ( 3.18 ± 0.09 ) × 10−12 93.279 ± 3.059 14.90 ± 1.52 0 ± 10
349 Dembowska ( 1.80 ± 0.52 ) × 10−12 145.240 ± 17.217 2.23 ± 1.02 33 ± 45
354 Eleonora ( 3.61 ± 1.29 ) × 10−12 154.345 ± 5.651 3.73 ± 1.40 21 ± 37
356 Liguria ( 3.94 ± 0.75 ) × 10−12 134.765 ± 5.176 6.11 ± 1.37 0 ± 22
365 Corduba ( 2.94 ± 0.48 ) × 10−12 104.515 ± 2.422 9.77 ± 1.74 0 ± 17
372 Palma ( 2.59 ± 0.32 ) × 10−12 191.122 ± 2.685 1.41 ± 0.18 49 ± 13
375 Ursula ( 4.25 ± 2.65 ) × 10−12 191.657 ± 4.019 2.29 ± 1.44 46 ± 62
379 Huenna ( 1.93 ± 0.10 ) × 10−13 87.282 ± 5.705 1.10 ± 0.22 51 ± 20
381 Myrrha ( 4.62 ± 0.40 ) × 10−12 123.417 ± 6.307 9.33 ± 1.64 0 ± 17
386 Siegena ( 4.09 ± 0.79 ) × 10−12 170.357 ± 8.402 3.14 ± 0.77 0 ± 24
387 Aquitania ( 9.56 ± 3.22 ) × 10−13 103.514 ± 2.232 3.27 ± 1.12 0 ± 34
404 Arsinoe ( 1.72 ± 1.52 ) × 10−12 96.974 ± 3.012 7.16 ± 6.38 0 ± 89
405 Thia ( 6.94 ± 0.70 ) × 10−13 122.148 ± 7.692 1.45 ± 0.31 35 ± 21
409 Aspasia ( 5.93 ± 1.16 ) × 10−12 176.332 ± 4.510 4.10 ± 0.85 3 ± 20
410 Chloris ( 3.14 ± 0.15 ) × 10−12 115.551 ± 8.229 7.72 ± 1.69 0 ± 21
416 Vaticana ( 1.64 ± 1.56 ) × 10−12 87.109 ± 2.580 9.45 ± 9.00 0 ± 95
419 Aurelia ( 8.65 ± 1.71 ) × 10−13 124.473 ± 3.089 1.70 ± 0.36 24 ± 21
420 Bertholda ( 7.44 ± 0.45 ) × 10−12 141.547 ± 2.081 9.97 ± 0.76 0 ± 7
423 Diotima ( 3.48 ± 0.97 ) × 10−12 211.644 ± 16.024 1.39 ± 0.50 38 ± 35
442 Eichsfeldia ( 9.81 ± 1.01 ) × 10−14 65.584 ± 1.707 1.32 ± 0.17 41 ± 12
444 Gyptis ( 5.33 ± 1.41 ) × 10−12 164.639 ± 2.603 4.56 ± 1.24 0 ± 27
445 Edna ( 1.75 ± 0.39 ) × 10−12 88.607 ± 4.104 9.53 ± 2.51 0 ± 26
449 Hamburga ( 7.90 ± 7.04 ) × 10−13 66.764 ± 4.827 10.08 ± 9.25 0 ± 91
451 Patientia ( 5.48 ± 2.67 ) × 10−12 234.425 ± 10.173 1.61 ± 0.81 28 ± 50
455 Bruchsalia ( 5.98 ± 0.60 ) × 10−13 88.132 ± 6.897 3.32 ± 0.85 21 ± 25
469 Argentina ( 2.28 ± 0.89 ) × 10−12 126.007 ± 4.912 4.32 ± 1.75 0 ± 40
471 Papagena ( 1.53 ± 0.87 ) × 10−12 124.555 ± 8.779 3.02 ± 1.82 9 ± 60
481 Emita ( 2.91 ± 0.73 ) × 10−12 107.231 ± 4.712 8.95 ± 2.54 0 ± 28
485 Genua ( 6.84 ± 2.21 ) × 10−13 56.320 ± 4.151 14.54 ± 5.68 0 ± 39
488 Kreusa ( 1.25 ± 0.57 ) × 10−12 162.330 ± 9.547 1.11 ± 0.54 50 ± 49
490 Veritas ( 3.01 ± 1.12 ) × 10−12 110.965 ± 3.810 8.38 ± 3.24 0 ± 38
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491 Carina ( 2.42 ± 0.98 ) × 10−12 97.370 ± 3.183 9.97 ± 4.15 0 ± 41
503 Evelyn ( 1.43 ± 0.17 ) × 10−12 87.584 ± 3.587 8.10 ± 1.38 0 ± 17
505 Cava ( 2.01 ± 1.93 ) × 10−12 101.513 ± 1.832 7.28 ± 7.02 0 ± 96
508 Princetonia ( 1.50 ± 0.33 ) × 10−12 139.695 ± 3.405 2.09 ± 0.48 25 ± 22
511 Davida ( 1.70 ± 0.51 ) × 10−11 298.289 ± 11.920 2.43 ± 0.79 0 ± 32
516 Amherstia ( 7.19 ± 6.69 ) × 10−13 69.848 ± 4.386 8.01 ± 7.61 0 ± 94
532 Herculina ( 5.78 ± 1.41 ) × 10−12 217.494 ± 5.110 2.13 ± 0.53 36 ± 25
536 Merapi ( 1.31 ± 0.24 ) × 10−11 155.171 ± 3.533 13.36 ± 2.59 0 ± 19
554 Peraga ( 3.31 ± 0.33 ) × 10−13 96.465 ± 1.685 1.40 ± 0.16 12 ± 11
582 Olympia ( 2.16 ± 5.88 ) × 10−13 43.398 ± 1.496 10.00 ± 27.36 0 ± 273
584 Semiramis ( 4.14 ± 2.90 ) × 10−13 51.783 ± 2.150 11.32 ± 8.06 0 ± 71
602 Marianna ( 5.13 ± 0.25 ) × 10−12 127.959 ± 2.863 9.30 ± 0.76 0 ± 8
604 Tekmessa ( 7.29 ± 1.41 ) × 10−13 64.423 ± 3.016 10.36 ± 2.46 0 ± 23
617 Patroclus ( 6.84 ± 0.55 ) × 10−13 143.150 ± 8.380 0.89 ± 0.17 68 ± 19
624 Hektor ( 5.00 ± 0.06 ) × 10−12 226.684 ± 15.150 1.63 ± 0.33 41 ± 20
626 Notburga ( 1.63 ± 0.65 ) × 10−12 96.846 ± 4.675 6.81 ± 2.91 0 ± 42
654 Zelinda ( 6.79 ± 0.70 ) × 10−13 127.831 ± 5.231 1.23 ± 0.20 45 ± 15
665 Sabine ( 3.51 ± 2.00 ) × 10−13 52.711 ± 0.724 9.10 ± 5.20 0 ± 57
675 Ludmilla ( 6.03 ± 1.21 ) × 10−12 67.660 ± 0.940 73.99 ± 15.06 0 ± 20
679 Pax ( 3.59 ± 1.00 ) × 10−13 64.886 ± 3.646 4.99 ± 1.63 0 ± 32
680 Genoveva ( 1.35 ± 0.02 ) × 10−12 84.697 ± 1.717 8.46 ± 0.53 0 ± 6
690 Wratislavia ( 6.44 ± 0.15 ) × 10−12 146.219 ± 11.020 7.82 ± 1.78 0 ± 22
702 Alauda ( 3.05 ± 1.81 ) × 10−12 191.655 ± 8.224 1.64 ± 1.00 41 ± 60
704 Interamnia ( 1.65 ± 0.23 ) × 10−11 317.195 ± 4.659 1.96 ± 0.28 0 ± 14
720 Bohlinia ( 3.00 ± 0.40 ) × 10−14 34.647 ± 1.810 2.74 ± 0.56 17 ± 20
735 Marghanna ( 1.08 ± 0.34 ) × 10−12 72.271 ± 2.223 10.88 ± 3.56 0 ± 32
739 Mandeville ( 5.83 ± 5.38 ) × 10−13 105.531 ± 1.684 1.89 ± 1.74 55 ± 92
747 Winchester ( 1.92 ± 1.12 ) × 10−12 170.078 ± 6.702 1.48 ± 0.88 47 ± 59
751 Faina ( 1.64 ± 0.29 ) × 10−12 107.318 ± 1.483 5.05 ± 0.92 0 ± 18
758 Mancunia ( 4.68 ± 0.40 ) × 10−13 87.088 ± 1.315 2.69 ± 0.26 3 ± 9
760 Massinga ( 6.69 ± 6.64 ) × 10−13 70.821 ± 0.928 7.15 ± 7.10 0 ± 99
762 Pulcova ( 7.04 ± 0.50 ) × 10−13 138.401 ± 5.963 1.01 ± 0.15 55 ± 14
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769 Tatjana ( 3.17 ± 0.32 ) × 10−12 106.277 ± 4.028 10.04 ± 1.53 0 ± 15
776 Berbericia ( 1.11 ± 1.36 ) × 10−12 152.293 ± 4.259 1.19 ± 1.47 47 ± 123
784 Pickeringia ( 1.88 ± 0.16 ) × 10−12 82.526 ± 7.185 12.71 ± 3.49 0 ± 27
786 Bredichina ( 1.42 ± 1.40 ) × 10−12 98.349 ± 6.007 5.66 ± 5.70 0 ± 100
790 Pretoria ( 2.30 ± 0.14 ) × 10−12 160.982 ± 11.160 2.10 ± 0.45 24 ± 21
804 Hispania ( 2.51 ± 0.90 ) × 10−12 148.252 ± 4.083 2.93 ± 1.07 0 ± 36
809 Lundia ( 4.66 ± 1.55 ) × 10−16 10.260 ± 0.070 1.64 ± 0.10 49 ± 6
854 Frostia ( 5.33 ± 4.78 ) × 10−16 8.396 ± 1.273 0.88 ± 0.13 72 ± 14
895 Helio ( 4.96 ± 3.04 ) × 10−12 148.432 ± 5.023 5.77 ± 3.58 0 ± 62
914 Palisana ( 1.18 ± 0.12 ) × 10−12 81.271 ± 5.347 8.36 ± 1.86 0 ± 22
949 Hel ( 8.70 ± 3.12 ) × 10−13 63.565 ± 4.016 12.86 ± 5.20 0 ± 40
1013 Tombecka ( 8.55 ± 71.92 ) × 10−14 35.180 ± 2.242 7.50 ± 62.74 0 ± 836
1015 Christa ( 2.40 ± 0.34 ) × 10−12 99.780 ± 2.462 9.17 ± 1.47 0 ± 15
1021 Flammario ( 2.58 ± 0.06 ) × 10−12 99.278 ± 3.277 10.03 ± 1.02 0 ± 10
1089 Tama ( 4.48 ± 1.61 ) × 10−16 13.445 ± 0.613 2.52 ± 0.29 24 ± 11
1171 Rusthawelia ( 9.10 ± 1.01 ) × 10−13 70.990 ± 2.425 9.66 ± 1.45 0 ± 15
1313 Berna ( 1.13 ± 1.01 ) × 10−15 13.935 ± 0.640 1.21 ± 0.14 63 ± 11
1669 Dagmar ( 2.00 ± 0.40 ) × 10−14 42.997 ± 2.869 0.96 ± 0.27 57 ± 28
1686 De Sitter ( 3.40 ± 1.60 ) × 10−12 30.602 ± 1.417 450.51 ± 220.97 0 ± 49
3169 Ostro ( 9.35 ± 3.12 ) × 10−17 5.150 ± 0.080 2.60 ± 0.20 25 ± 7
3749 Balam ( 2.56 ± 0.10 ) × 10−16 7.000 ± 3.000 2.83 ± 3.65 14 ± 128
4492 Debussy ( 1.67 ± 1.51 ) × 10−16 15.786 ± 1.919 0.90 ± 0.10 60 ± 11
Appendix B: Figures of marching
algorithm results for all real
asteroids
Figure B.1: Results of the mass marching algorithm applied to the asteroid pair 7-17186.
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Figure B.2: Results of the mass marching algorithm applied to the asteroid pair 10-3946.
Figure B.3: Results of the mass marching algorithm applied to the asteroid pair 13-14689.
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Figure B.4: Results of the mass marching algorithm applied to the asteroid pair 15-14401.
Figure B.5: Results of the mass marching algorithm applied to the asteroid pair 19-3486.
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Figure B.6: Results of the mass marching algorithm applied to the asteroid pair 19-27799.
Figure B.7: Results of the mass marching algorithm applied to the asteroid pair 29-987.
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Figure B.8: Results of the mass marching algorithm applied to the asteroid pair 52-124.
Figure B.9: Results of the mass marching algorithm applied to the asteroid pair 704-7461
Appendix C: MCMC mass
probability distributions for all
real asteroids
Figure C.1: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 7-17186 with 50 000 accepted iterations.
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Figure C.2: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 10-3946 with 50 000 accepted iterations.
Figure C.3: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 13-14689 with 50 000 accepted iterations.
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Figure C.4: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 15-14401 with 50 000 accepted iterations.
Figure C.5: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 19-3486 with 50 000 accepted iterations.
APPENDIX C 83
Figure C.6: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 19-27799 with 50 000 accepted iterations.
Figure C.7: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 29-984 with 50 000 accepted iterations.
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Figure C.8: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 52-124 with 50 000 accepted iterations.
Figure C.9: A histogram of masses for all accepted iterations of the MCMC chain for the asteroid
pair 704-7461 with 50 000 accepted iterations.
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